Abstract. In this paper, we prove classical affine W-algebras associated to Lie superalgebras (W-superalgebras) can be constructed in two different ways: via affine classical Hamiltonian reductions and via taking quasi-classical limits of quantum affine W-superalgebras. Also, we show that a classical finite W-superalgebra can be obtained by a Zhu algebra of a classical affine W-superalgebra. Using the definition by Hamiltonian reductions, we find free generators of a classical W-superalgebra associated to a minimal nilpotent. Moreover, we compute generators of the classical W-algebra associated to spo(2|3) and its principal nilpotent. In the last part of this paper, we introduce a generalization of classical affine Wsuperalgebras called classical affine fractional W-superalgebras. We show these have Poisson vertex algebra structures and find generators of a fractional W-superalgebra associated to a minimal nilpotent.
Introduction
This paper is a generalization of [16, 17] , which showed equivalences of various definitions of classical affine W-algebras and introduced classical fractional W-algebras.
Recall that there are four types of W-algebras: classical affine, classical finite, quantum affine and quantum finite W-algebras. These types of algebras are endowed with Poisson vertex algebras (PVAs), Poisson algebras (PAs), vertex algebras (VAs) and associative algebras (AAs) structures, respectively. As underlying algebraic structures in mathematical physics, PVAs (resp. PAs) are quasi-classical limits of VAs (resp. AAs) and Poisson algebras (resp. AAs) are finalizations of PVAs (resp. VAs). (See [4, 6, 10, 19] .)
The main ingredient of this paper is a classical affine W-algebra, which is endowed with PVA structures. Hence we expect classical affine W-algebras are obtained by quasi-classical limits of quantum affine W-algebras and chiralizations of classical finite W-algebras. A classical finite W-algebra W f in (g, f ) associated to a Lie (super)algebra g and its nilpotent f is defined by the Hamiltonian reduction
(S(g)/S(g)I)
adn associated to (S(g), S(g)I, n) for a Poisson (super)algebra ideal S(g)I and a nilpotent Lie subalgebra n of g determined by f . Also, there is an equivalent construction of W f in (g, f ) by a cohomology of Lie (super)algebra complex. A natural way to get a quantum finite W-algebra is by the BRST quantization of the Lie (super)algebra complex, called a finite BRST complex. As in classical finite W-algebras cases, in [4, 9] , it is proved that the quantum finite W-algebra W f in (g, f ) associated to a Lie (super)algebra g and its nilpotent f can be obtained by a quantum Hamiltonian reduction associated to U (g), its associative algebra ideal U (g)I and a nilpotent Lie subalgebra n determined by f .
In [4, 8, 11, 12] , the quantum affine W-algebra W (g, f, k) is introduced by BRST complex which is obtained by substituting universal enveloping algebras of Lie (super)algebras in the finite BRST complex with universal enveloping vertex algebras of Lie conformal algebras (LCAs).
In [17] , by substituting universal enveloping vertex algebras of LCAs in the BRST complexes with symmetric algebras generated by the LCAs, we get classical affine W-algebras. For the classical affine W-algebra W(g, f, k) associated to a Lie algebra g, there is an equivalent definition via an affine Hamiltonian reduction. Also, two W-algebras W f in (g, f ) and W(g, f, k) are related by a finitization map called Zhu map. (See [6] .)
A natural question is that if we can develop a similar theory for a classical affine Walgebra associated to a Lie superalgebra (classical affine W-superalgebra). In Section 3, we prove that a classical affine W-superalgebra can be defined via classical BRST complex and via Hamiltonian reduction. Also, we show that the same argument works for classical and quantum finite W-superalgebras. Moreover, in Section 4, we describe relations between affine W-superalgebras and finite W-superalgebras.
Also, structure theories of finite W-superalgebras are developed in various articles, for example [13, 14, 18] . In this paper, we investigate structures of classical affine W-superalgebras.
The simplest example of W-superalgebras can be obtained by taking a minimal nilpotent f of given Lie superalgebra g. In [12] , Kac and Wakimoto discovered free generators of quantum affine W-(super)algebras associated to minimal nilpotents and Premet [15] described generators of finite W-algebras associated to Lie algebras and minimal nilpotents. In [16] , similar results are written for classical affine W-algebras associated to Lie algebras and their minimal nilpotents. In Section 5, we show that generators of a classical affine W-superalgebra associated to a minimal nilpotent can also be described explicitly. In addition, we compute λ-brackets between the generators.
It is still open what are free generators of classical affine W-superalgebras associated to non-minimal nilpotents. However, it is possible to find free generators for simple cases by computations. In Section 5, we find free generators of classical affine W-algebras associated to g = spo(2|3) and its principal nilpotent. The Poisson λ-brackets between the generators are also computed directly.
The last part of this paper is about fractional W-superalgebras. In [1] and [3] , they introduced fractional W-algebras as a generalization of W-algebras in [7] . Note that Walgebras in [7] appear as underlying algebraic structures of integrable systems and they are isomorphic to classical affine W-algebras associated to Lie algebras in our context. Similarly, fractional W-algebras are also related to integrable systems. In [17] , PVAs called classical affine fractional W-algebras associated to Lie algebras are introduced which are isomorphic to fractional W-algebras in [1] .
In Section 6, we define classical affine fractional W-algebras associated to Lie superalgebras (fractional W-superalgebras). In [17] , the well-definedness of a fractional W-algebra as a PVA is proved by the fact that it is isomorphic to a fractional W-algebra in [1] . However, since it is not clear how to construct fractional W-superalgebras in the context of [1] , we cannot use the same argument as in [17] . In this paper, we prove that classical affine fractional W-algebras are well-defined PVAs with a simpler method and show that the proof works for fractional W-superalgebras. Moreover, we find free generators of a classical affine fractional W-superalgebra associated a minimal nilpotent and also Poisson λ-brackets between them.
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Backgrounds
In Section 2, we recall some basic notions that we need to investigate W-algebras.
Poisson vertex algebras: relations with vertex algebras and Poisson algebras.
A vector space V over C with a decomposition V = V0 ⊕ V1 is called a vector superspace. A vector in V0 (resp. V1) is said to be even (resp. odd). An element in V0 or V1 is called a homogeneous element. The parity p(v) of a homogeneous element v ∈ V0 (resp. v ∈ V1) is 0 (resp. 1).
An algebra A over C is called a superalgebra if it is a Z/2Z-graded algebra. In other words, A = A0 ⊕ A1 as a vector space and AīAj ⊂ Aī +j .
A vector superspace V endowed with a bracket
A Poisson superalgebra P endowed with the bracket { , } satisfies the following properties:
Now we recall differential algebras and Lie conformal algebras, which are needed to introduce vertex algebras and Poisson vertex algebras. The definitions can be found in [2, 10] . Definition 2.1.
(1) A superalgebra A is called a differential algebra if it is endowed with a parity preserving map ∂ : A → A satisfying ∂(ab) = (∂a)b + a(∂b).
(2) Let R be a vector superspace over C with a C[∂]-module structure and let ∂ be a parity preserving map on R. The C[∂]-module R endowed with a linear λ-bracket
Let R be a LCA and let a, b be elements in R. There are c n ∈ R for n ∈ Z ≥0 such that [a λ b] = n∈Z ≥0 cn n! λ n . We denote c n by a (n) b. 
and the noncommutative Wick formula is
n!(m+1)! λ n+m+1 . As in the Lie superalgebra theory, there is a unique universal enveloping vertex algebra (V (R), i : R → V (R)) of a Lie conformal algebra R. The universality is that if there is a vertex algebra V endowed with a LCA homomorphism r : R → V then there is a unique vertex algebra homomorphism q :
There is the PBW theorem of universal enveloping vertex algebras, in the sense of Theorem 2.3.
Theorem 2.3.
[10] Let (V (R), i : R → V (R)) be the universal enveloping vertex algebra of a Lie conformal algebra R.
(1) The map i :
denotes normally ordered products from right to left, that is
Equivalently, if B is a C-basis of R then V (R) is freely generated by B.
Example 2.4. The current Lie conformal algebra associated to the finite dimensional Lie superalgebra g with an invariant supersymmetric bilinear form (
endowed with the λ-bracket defined by
The universal enveloping vertex algebra V (Cur(g)) of Cur(g) is freely generated by a basis B of Cur(g) over C and V k (Cur(g)) = V (Cur(g))/(K − k)V (Cur(g)) is called the universal enveloping affine vertex algebra of level k.
is a Lie conformal algebra (2) (V, ∂, ·, 1) is a unital supersymmetric differential algebra. (3) the λ-bracket { λ } and the supersymmetric product are related by the Leibniz rule
Example 2.6. Let R = Cur(g) be in Example 2.4 and let S(R) be the supersymmetric algebra generated by R. We define the λ-bracket on S(R) by that on R and Leibniz rules. Then S(R) is a Poisson vertex algebra. Also,
Definition 2.7. [4] (1) Consider a family of vertex algebras V ǫ which is a vertex algebra over
: ǫ ) be a regular family of vertex algebras over C [ǫ] . Let V := V ǫ /ǫV ǫ be endowed with the product induced by the normally ordered product : : ǫ of V ǫ and the λ-bracket { λ } defined by
It is easy to see the following remark.
Remark 2.8. The quasi-classical limit V of the regular family of vertex algebras V ǫ over C[ǫ] is a Poisson vertex algebra.
Example 2.9. As in Example 2.4, let V = V k (Cur(g)) be the universal enveloping affine vertex algebra of level k endowed with the λ-bracket [ λ ]. Let V ǫ be the regular family of vertex algebras such that
for a, b ∈ Cur(g) and the normally ordered product on V ǫ is induced by that on V . Then the quasi-classical limit of V ǫ is S k (R) in Example 2.6.
Remark 2.10. Analogously, we obtain a Poisson superalgebra as the quasi-classical limit of a regular family of associative superalgebras with commutators.
Definition 2.11. Let V be a Poisson vertex algebra and let H : V → V be a diagonalizable operator. Denote by ∆ a the eigenvalue of H corresponding to an eigenvector a ∈ V. If the operator H satisfies that
for eigenvectors a, b ∈ V of H and n ∈ Z ≥0 then H is called a Hamiltonian operator. If H is a Hamiltonian operator then the eigenvalue ∆ a is called the conformal weight of a.
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Remark 2.12. A main source of Hamiltonian operator of V is an energy momentum field
Definition 2.13. [4, 19] Suppose the Poisson vertex algebra V has a Hamiltonian operator H and let J be the associative algebra ideal of V generated by (∂ + H)a. Then the H-twisted Zhu algebra Zhu H (V) := V/J is the Poisson algebra endowed with the Poisson bracket
Example 2.14. Let g be a Lie superalgebra with even sl 2 -triple (e, 2x, f ) and the supersymmetric invariant bilinear form ( | ) such that (e|f ) = 2(x, x) = 1. Take dual bases {u α |α ∈S} and {u α |α ∈S} of g with respect to the bilinear form (
, where S k (R) is the Poisson vertex algebra in Example 2.9. Then
Hence L is an energy momentum field and L 0 is a Hamiltonian operator of S k (R). For the Hamiltonian operator H = L 0 , the H-twisted Zhu algebra of S k (R) is the Poisson superalgebra S(g) endowed with the bracket
. Hence the associative superalgebra automorphism a → v a of C[u α |α ∈S] is a Poisson superalgebra isomorphism between S 0 (r) and S k (r). As a conclusion C[u α |α ∈S] endowed with the Poisson bracket {u α , u β } = [u α , u β ] is the H-twisted Zhu algebra of S k (R).
Remark 2.15. If a vertex algebra V has a Hamiltonian operator H, we analogously find an associative superalgebra with commutator which is called the H-twisted Zhu algebra
We summarize relations between vertex algebras, Poisson vertex algebras, associative algebras and Poisson algebras by the following diagram:
where V is a vertex algebra with a Hamiltonian operator H and V is a Poisson vertex algebra with a Hamiltonian operator H.
Nonlinear Lie superalgebras and Nonlinear Lie conformal algebras.
In this section, we briefly review constructions of nonlinear Lie superalgebras and nonlinear Lie conformal algebras. We refer to [4] for details.
Let Γ + be a discrete additive closed subset of R + containing 0 and Γ ′ + = Γ + \{0}. For ζ ∈ Γ ′ + , we denote by ζ − the largest element of Γ + strictly smaller than ζ. Let g be a Γ ′ + -graded vector superspace and T (g) be the tensor superalgebra over g. Denote by ζ(a) the Γ ′ + -grading of a ∈ g. Then T (g) is a Γ + -graded algebra
induced by the Γ ′ + -grading of g. More precisely, ζ(c) = 0 for c ∈ C and ζ(A⊗B) = ζ(A)+ζ(B) for A, B ∈ T (g). Then there is an increasing filtration of T (g)
If g is endowed with the linear map
where a, b, c ∈ g and
then g is called a nonlinear Lie superalgebra. 
is a nonlinear Lie bracket of g. Consider the quasi-classical limit of the regular family of Lie superalgebras
, which is endowed with the bracket defined by Let R be a C[∂]-module with Γ ′ + grading and T (R) be the tensor superalgebra over R.
induced by the Γ ′ + -grading of R. More precisely, ζ(c) = 0 for c ∈ C and ζ(A⊗B) = ζ(A)+ζ(B) for A, B ∈ T (R). Then there is an increasing filtration of T (R)
If R is endowed with the linear map
for a, b, c ∈ R then we can extend the λ-bracket on R to that on T (R) via Definition 2.2. Precise construction for the normally ordered product and λ-brackets on T (R) can be found in [4] .
with grading conditions and sesquilinearities. If the λ-bracket satisfies
then R is called a nonlinear Lie conformal algebra. 
) is a nonlinear LCA. Consider the quasi-classical limit of the regular family of vertex algebras
, which is endowed with the λ bracket defined by
for any a, b ∈ R and Leibniz rules.
Basic results in filtered complexes.
Let Γ = 1 N Z for a positive integer N and U be a vector superspace. The linear map
(ii) Lie superalgebra, (iii) Lie conformal algebra, respectively, then we assume that
respectively.
, the odd differential d has degree 1 and preserves the filtration:
where
If the complex (U, d) is a filtered complex with the filtration {F p U | p ∈ Γ} then H n (U, d) is also a filtered space with 
Proposition 2.25 (Künneth lemma).
(1) Let V 1 and V 2 be vector superspaces with dif-
(2) If S(V ) is a supersymmetric algebra generated by the vector superspace V then
Remark 2.26. [4] Let g be a Γ ′ + -graded nonlinear Lie superalgebra with a differential d : g → g preserving the Γ ′ + -grading. Suppose (1) H(g, d) has the Γ ′ + -grading induced from that of g, (2) nonlinear Lie bracket of g induces a nonlinear lie bracket of H(g, d). Then there is a canonical associative superalgebra isomorphism , d) ).
Definition of classical affine W-algebras associated to Lie superalgebras
Let g = g0 ⊕ g1 be a classical finite simple Lie superalgebra with the even part g0 and the odd part g1. We choose an even sl 2 -triple (e, h = 2x, f ) in g0. Then the operator adx on g is diagonalizable and
Especially, f ∈ g(−1) and e ∈ g(1). Also, let ( | ) be a supersymmetric bilinear invariant form which satisfies (e|f ) = 1 2 (h|h) = 1 and let
be subalgebras of g. The following two sets {u α |α ∈ S} and {u α |α ∈ S} are dual bases of g such that (1) both of bases are compatible with the parity, (2) ( u α | u β ) = δ αβ , (3) u α ∈ g(j α ) and u α ∈ g(−j α ) . Let S be the subset of S such that {u α |α ∈ S} and {u α |α ∈ S} be dual bases of n and n − . The subset S(1/2) ⊂ S is the index set such that {u α |α ∈ S(1/2)} = {u α |α ∈ S} ∩ g 1 2 . Thus {u α |α ∈ S(1/2)} is a basis of g Recall that a quantum W-algebra is defined by a BRST quantized complex of a complex of Lie (super)algebras. We shall call by the classical BRST complex, the quasi-classical limit of the BRST quantized complex.
In order to introduce a classical BRST complex, we recall following three types of nonlinear Lie conformal algebras [4] :
(1) The nonlinear current Lie conformal algebra Cur
(2) Let φ n be a vector superspace isomorphic to Π(n) where Π is the parity reversing map and, similarly, let φ n − ≃ Π(n − ) as vector superspaces. Then the charged free fermion nonlinear Lie conformal algebra
For a ∈ g, we let φ a = φ π + a and φ a = φ π − a , where π + and π − are projection maps from g onto n and n − . 
For a ∈ g, we let Φ a = Φ π 1/2 a , where π 1/2 is the projection map on g onto g Let R = Cur k (g) ⊕ R ch ⊕ R ne be the direct sum of Cur k (g), R ch and R ne as a nonlinear LCA. The supersymmetric algebra S(R) generated by R is a PVA endowed with the bracket { λ } induced by that of R and Leibniz rules.
is a Hamiltonian operator of S(R) and conformal weights of generating elements of R are
for α ∈S, β ∈ S and γ ∈ S(1/2). Take the element
where φ α = φ uα , φ α = φ u α and p(α) = p(u α ). Then we have the following lemma.
Lemma 3.1.
(1) The element d ∈ S(R) has the odd parity. (2) We have the following formulas:
We have {d λ d} = 0.
Proof. Let us denote s(a) = (−1) p(a) for a homogenous element a ∈ S(R).
(1) Since s(φ α )s(u α ) = −1, s(φ β )s(Φ β ) = −1, and s(φ f ) = −1, for α ∈ S, β ∈ S(1/2), the element α∈S p(α)φ α u α + a∈S(1/2) φ α Φ α + φ f has the odd parity. Also, we have
(2) Observe that
Let a be a homogeneous element. Then (u α |a) = 0 only if p(α) = p(a). Hence
If we write X a = s(a)a + Φ a + (a|f ) for a ∈ n and X α = X uα for α ∈ S then
We have
and (3.6)
The first term in the RHS of (3.6) is
and the second term in the RHS of (3.6) is
By (3.5) and (3.6), we have {d
The rest of two equations in (2) can be obtained by similar computations. uα] . By direct computations, we have
and (3.10)
On the other hand, we have
By Leibniz rule, α,β,γ,δ∈S
and α,β,γ,δ∈S
Since {d λ d} = (3.9) + 2 · (3.10) + (3.
, we want to show that (3.12)
We obtain (3.12) from the property that, for any α, β, γ ∈ S, the following formula holds:
Proof. By the Leibniz rule, we have {d λ {d µ A}} + {d µ {d λ A}} = {{d λ d} λ+µ A}.
If we take
Definition 3.3. The classical BRST complex associated to g and f be S(R) with the differential d (0) . The classical affine W-algebra
associated to g and f is a PVA endowed with the supersymmetric product and the λ-bracket
Note 3.4. If we want to emphasis the W-algebra W(g, f, k) is associated to a Lie "super"algebra g, we call the algebra by W-superalgebra.
In order to show the well definedness of W-algebras, we need the following proposition.
Proposition 3.5. The product and the λ-bracket on the W 1 (g, f, k) are well-defined.
Proof. Let d (0) be the differential of the classical BRST complex associated to g and f . By the Leibniz rule and the Jacobi identity, we have
Also, if A, B ∈ kerd (0) and X, Y ∈ S(R) then
Hence W 1 (g, f, k) is a PVA.
Second definition via Hamiltonian reduction.
Let S(C[∂]⊗g) be the supersymmetric algebra generated by the vector superspace C[∂]⊗g. Take the associative superalgebra ideal
be the supersymmetric algebra. Define the ad λ n-action on V(g, f, k) by
for n ∈ n where the bracket {n λ A} is induced from the bracket of S(Cur k (g)). Then ad λ n(I) ⊂ I[λ] and the subspace (3.13) Proposition 3.7. The product and the λ-bracket in Definition 3.6 are well-defined.
Proof. To see the well-definedness of the PVA W 2 (g, f, k), we have to check that the algebra is closed under the product and the λ-bracket. We can check this as follows:
(1) By the Leibniz rule, the element AB + I is in W 2 (g, f, k) if A + I and B + I are in W 2 (g, f, k).
(2) By the definition of a W-algebra, we have {A λ I} = {I λ A} = 0 + I[λ]. Moreover, by the Jacobi identity, the element
Equivalence of the definitions of an affine classical W-algebra.
Recall the LCA R = Cur k (g) ⊕ R ch ⊕ R ne . Let us consider the building block
Then (3.14)
Here we recall that s(a) = (−1) p(a) for a homogeneous element a.
By (3.14) and (3.17), we have
where, for the projection map π ≤ : g → i≤0 g(i),
Also, we have
Hence if a and b are both in i≥0 g(i) or both in i≤0
Also, we can easily check that
Let us denote
and (3.23)
Proof. Let us denote
d + = d (0) | S(R + ) . Then S(R) = S(R + ) ⊗ S(R − ) and d (0) = d + ⊗ 1 + 1 ⊗ d. Hence, by Künneth lemma, H(S(R), d (0) ) = H(S(R + ), d + ) ⊗ H(S(R − ), d). Also,
by Künneth lemma, we have H(S(R
Let us define the and gr(Φ γ ) = gr(∂) = (0, 0), where J α = J uα , φ β = φ u β , Φ γ = Φ uγ and u α ∈ g(j α ), u β ∈ g(j β ), u γ ∈ g(j γ ). For the first component of the bigrading (3.25), we call by p-grading and for the second component, we call by q-grading. The charge on S(R − ) is defined by the sum of p-grading and q-grading. Hence Consider the decreasing filtration with respect to the p-grading
Using the facts in Section 2.3, we obtain the graded differential d gr :
Hence we have
Lemma 3.9. We have the following properties:
Proof.
(1) Recall that we have the Hamiltonian operator H on S(R) defined in (3.2). Since
the operator H| S(R − ) is a Hamiltonian operator on S(R − ). Since d preserves the conformal weight and each eigenspace
is finite dimensional, we conclude that the complex (
) is a direct sum of locally finite complexes. (2) By Künneth lemma, we have
Since any element in S(C[∂] ⊗ J g f ) has charge 0, we proved the lemma.
Proof. By Lemma 3.9, we have gr pq H(S(R − )(i), d) ≃ H pq (S(R − )(i), d gr ). By taking direct sum i∈ Z 2 to the both sides, we get gr pq H(S(R − ), d) ≃ H pq (S(R − ), d gr ). Also, by Lemma 3.9 (2), we obtain the second assertion. Theorem 3.11. Consider the associative superalgebra homomorphism
such that K a → a for a ∈ i≤1 g(i) and φ n − → 0 for n − ∈ n − . Then we have (1) The map
is a well-defined superalgebra isomorphism. (2) Moreover, f is a PVA isomorphism.
Proof. (1) Since H(S(R
) has a representative in S(∂ n K a ) for n ∈ Z ≥0 and a ∈ i≤ 1 2 g(i). Now, let us prove that the map f is a well-defined isomorphism. In order to do that, we observe that
and (3.33)
Let us denote (3.34)
) and C ∈ C. Assume that
and (3.36)
Hence
Since we have (3.30), (3.31), (3.32), and (3.33), we conclude that
. Therefore the followings are equivalent
Here, we used that
On the other hand, (3.38)
We can see that there exist c i ∈ V(g, f, k) for i ≥ 0 such that
and there exist C i ∈ V(g, f, k) for i ≥ 0 such that
The last equivalence comes from the fact that
). Hence (3.37) and (3.38) imply that the map f is a PVA isomorphism.
Proposition 3.12. Suppose {v α } α∈J is a basis of g f such that v α ∈ g(j α ) and v α has the conformal weight ∆ α . If we have a subset A = {v α + a α |α ∈ J} ⊂ W(g, f, k) such that
then A is a set of free generators of W(g, f, k).
Proof. We already showed in Proposition 3.10 that there is a set of free generators {v α + b α |α ∈ J} of W(g, f, k) such that gr(v α + b α ) = v α . In other words, using the filtration (3.27) and Theorem 3.11, we have v α ∈ F jα− 1 2
\F jα and b α ∈ F jα . It is not hard to see that g(i) )). Hence we proved that the existence of such generating sets. Now let us assume there is another subset A = {v α + a α |α ∈ J} ⊂ W(g, f, k) satisfying (3.39). We denote by
Here C diff [S] for a set S denotes supersymmetric algebra generated by {∂ n s | n ∈ Z + , s ∈ S}.
we have
By an induction, we have
Hence A is a set of generators of W(g, f, k).
4.
Relations between finite and affine W-superalgebras
For finite W-superalgebras, we can obtain an analogous result to Theorem 3.11 and Proposition 3.12. (cf. appendix of [4] and [9] ) Definition 4.1. Let (φ n − ⊕ φ n ) and Φ n/m be nonlinear Lie superalgebras such that (1) as vector superspaces
where Π denotes parity reversing, (2) for a, b ∈ n − and c, d, n 1 , n 2 ∈ n,
Let us denote r = g ⊕ (φ n − ⊕ φ n ) ⊕ Φ n/m and let
is defined by the Lie bracket on r and Leibniz rules, the associative superalgebra
is called the quantum finite W-superalgebra associated to g and f .
In order to see Definition 4.1 makes sense, we have to show the following lemma. (1) We have (ad d) 2 = 0 and d is an odd element in U (r). (2) The associative product of U (r) induces the product of W f in
.
Proof. The proof is almost same as that of the lemma in the affine classical W-superalgebra case.
We introduce another definition of quantum finite W-superalgebras. Let U (g) be the universal enveloping algebra of g and consider the Lie bracket [ , ] on U (g) defined by the Lie bracket on g and Leibniz rules. Definition 4.3. Let I f in be the associative superalgebra ideal of U (g) generated by {m + (f |m)|m ∈ m}. We denote
The adjoint action of n on U (g, f ) is defined by ad n (A) = [a, A] and the invariant space (U (g)/I f in ) ad n is called the quantum finite W-superalgebra associated to g and f . Also, we write W f in
ad n and the associative product of W f in 2 is defined by
In order to see Definition 4.3 makes sense, we have to show the following lemma.
Let us consider the building blocks
where φ g = φ π + g and π + : g → n is the canonical projection map. We denote
. As a consequence, we get the following proposition.
Proof. The proof is almost same as that of the Proposition 3.8 in the affine classical Wsuperalgebra case.
we have the following theorem.
Theorem 4.6. Consider the associative superalgebra homomorphism
such that K a → a for a ∈ i≤1 g(i) and φ n − → 0 for n − ∈ n − . Then
is a well-defined superalgebra isomorphism.
Proof. The proof is almost same as that of Theorem 3.11 in the affine classical W-superalgebra case.
Recall that the bigrading (3.25) is defined on S(R − ). Suppose we have the bigrading gr of r − which is induced from (3.25). We call the first component of of gr by p-grading.
Proposition 4.7. Suppose {v α } α∈J is a basis of g f such that v α ∈ g(j α ). If we have a subset A = {v α + a α |α ∈ J} ⊂ W f in (g, f ) such that p-grading of a i is greater than that of v α , then A is a set of free generators of W f in (g, f ) .
Proof. The proof is omitted here. It can be proved by the analogous proof of Proposition 3.12.
By substituting universal enveloping algebras of Lie superalgebras with supersymmetric algebras of Lie superalgebras, and the ideal I f in generated by the subset {m + (f |m)|m ∈ m} of U (g) by the ideal I f in generated by the subset {m + (f |m)|m ∈ m} of S(g), we get the following theorem about the classical finite W-algebra W f in (g, f ) associated to g and f . Also, we denote
Theorem 4.8. Consider the associative superalgebra homomorphism
ad n is a well-defined Poisson superalgebra isomorphism.
Proposition 4.9. Take the ∆-grading on S(g) defined by ∆ a = 1 − j a for a ∈ g(j a ). Suppose {v α } α∈J is a basis of g f such that v α ∈ g(j α ). If we have a subset
then A is a set of free generators of W f in (g, f ).
Also, classical finite W-superalgebras can be understood as finitizations of classical affine W-superalgebras via classical Zhu map. Theorem 4.10. Given Lie superalgebra g and a nilpotent f ∈ g, there is a Poisson algebra isomorphism
Proof. As we showed in Example 2.14, the H-twisted Zhu algebra Zhu H (S(Cur k (R))) of S(Cur k (R)) = S(C[∂] ⊗ g) endowed with the Poisson λ-bracket
is the supersymmetric algebra generated by g endowed with the Poisson bracket
If φ ∈ W(g, f, k) then {n λ φ} ∈ I[λ] and hence {n, φ} ∈ Zhu H (I), for any n ∈ n and φ ∈ Zhu H (W(g, f, k) ). Hence we have
Observe the following facts:
Zhu H (I). (iii) Since n = v n for any n ∈ n, the adjoint action ad n on S(g) is same as ad vn on S(g).
Hence
Zhu
and
. On the other hand, we obtain generating sets of
(See Proposition 3.12 and Proposion 4.9.
By Example 2.14 and Theorem 4.10, we have
.
Moreover, by the following theorem, we can easily obtain W f in (g, f ) from W(g, f, k).
Theorem 4.11.
[4] Let (R, { λ }) be a nonlinear Lie conformal algebra and (S(R), { λ }) be the Poisson vertex algebra generated by R. Then the H-twisted Zhu algebra Zhu H (S(R)) is isomorphic to the supersymmetric algebra S(R/∂R) endowed with the bracket defined by {ā,b} = {a λ b}| λ=0 , where a, b ∈ R andā,b are the images of a, b in R/∂R.
Corollary 4.12. Let us denote by g <1 = i<1 g(i) and
Then the differential algebra G is isomorphic to V(g, f, k). Consider the associative superalgebra homomorphism p : G → S(g <1 ) such that Let f be an even minimal nilpotent in g and let {z α |α ∈ S(1/2)} and {z * α |α ∈ S(1/2)} be bases of g
Denote by ad λ n(A) or by {n λ A} the ad λ n-
follows:
where {a i |i ∈ I} and {b i |i ∈ I} are bases of g f (0) such that (a i |b j ) = δ ij and g # ∈ g f (0) is the projection of g ∈ g onto g f (0).
Proof. Let us consider the decomposition 
The map ι naturally induces the one to one correspondence ι λ :
It is not hard to see
. All the equations in (5.19) can be proved in similar ways. So we shall show the last one which is most complicate. By taking terms which are not in ker ι λ , we get (5.8)
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By equations (5.8), (5.9), (5.10), (5.11), we proved our assertion.
Analogously, we can obtain a generating set (as an associative superalgebra) of a finite W-superalgebra associated to a minimal nilpotent and commutators between them. 
where {u α } α∈S and {u α } α∈S are dual bases of g with respect to ( | ). 
Here, from second line to third line, we used [
By (5.13),(5.14),(5.15),(5.16), we conclude that [z γ , Ψ w ] = 0 for any γ ∈ S(1/2).
Proposition 5.4. Let f be a minimal nilpotent in g. Let v, v 1 , v 2 be elements in g f (0) and w, w 1 , w 2 be elements in
The commutators between generators in Proposition 5.3 are as follows:
Proof. The argument in the proof of Proposition 5.2 works.
Also for finite classical W-superalgebras, we can obtain similar propositions. 
where {u α } α∈S and {u α } α∈S are dual bases of g with respect to ( | ).
Proof. By Corollary 4.12, we obtain free generators of W(g, f ) from the generators of W(g, f, k).
Similarly, we obtain the Poisson brackets between generating elements. 
Proof. By Corollary 4.12 and Proposition 5.2, we can prove our assertion.
Examples.
Example 5.7. Let g = spo(2|1) ⊂ gl(2|1). Then the even part g0 is generated by an sl 2 -triple (e ev , h, f ev ) and the odd part g1 is generated by e od and f od such that Note that f od ∈ g(−1/2), f ev ∈ g(−1), e od ∈ g(1/2), e ev ∈ g(1)
Consider the supersymmetric invariant bilinear form ( | ) such that (h|h) = 2(e ev |f ev ) = 2 and (e od |f od ) = −2.
In order to find free generators of W(g, f ev , 1), we want to find an element X ∈ S(C[∂]⊗g)/I satisfying ad λ e od (X) = 0 + I. Here we recall that I is the differential algebra ideal generated by e ev + 1. Note that ad λ e od (X) = 0 + I implies ad λ e ev (X) = 0 + I. It is not hard to find two elements where A, B, C, D are 2 × 2, 2 × 3, 3 × 2, 3 × 3 matrices, respectively. We denote by e ij , e ij , eī j , eīj ∈ gl(2|3) the matrix with 1 in ij-entry of A, B, C, D, respectively, and 0 in other entries. Consider the sl 2 -triple (e, h, f ) where h = e 11 − e 22 + 2(e11 − e22), e = e 12 + e13 − e32, f = e 21 + 2e31 − 2e23.
Take the supersymmetric invariant bilinear form ( | ) such that (e|f ) = 1 2 (h|h) = 1. Then g is generated by the following elements H 1 = e 11 − e 22 , H 2 = e11 − e22, E 11 = e1 1 − e 22 , E 12 = e3 2 + e 13 , E 21 = e 12 , E 22 = e13 − e32, E 3 = e1 2 + e 12 F 11 = e 11 + e2 2 , F 12 = e3 1 − e 23 , F 21 = e 21 , F 22 = e23 − e31, F 3 = e2 1 − e 21 .
Note that H 1 , H 2 ∈ g(0), E 11 , E 12 ∈ g(1/2), E 21 , E 22 ∈ g(1), E 3 ∈ g(3/2) and F 11 , F 12 ∈ g(−1/2), F 21 , E 22 ∈ g(−1), F 3 ∈ g(−3/2). In the differential algebra S(C[∂] ⊗ g)/I where I 
Also, by (ii) and (iii), (6.11) i∈T,j∈T ′ and W t (g, f, k) is endowed with the PVA structure. If g is a Lie superalgebra having an odd part, we can prove the proposition similarly. The only thing we need is considering change of signs according to the supersymmetry of W t (g, f, k). So we proved our assertion. Now we assume that f is a minimal nilpotent in g and Λ t = f z −t + ez −t−1 . Then we can find generators of W t (g, f, k) Theorem 6.10. The λ-brackets between generators of W t (g, f, k) are as follows: {η t (g 1 ) λ η t (g 2 )} = η t ([g 1 , g 2 ]) + kλ(g 1 |g 2 ) for g 1 , g 2 ∈ g; {η t (f z) λ η t (f )} = −η t (2x) − kλ {η t (f z) λ η t (g)} = −η t ([e, g])
for g ∈ i>−1 g(i); {η t (f z) λ η t (gz p )} = −η t ([f, g]z p+1 ) − η t ([e, g]z p ) for g ∈ g, p ≥ 1; {η t (g 1 z p ) λ η t (g 2 z q )} = −η t ([g 1 , g 2 ]z p+q ) for g 1 z p , g 2 z q ∈ i>−1 g(i)z ⊕ j>1 gz j
Proof. The theorem follows from Lemma 6.8 and 6.9. We have to check n-th products for n ≥ 1 which can be shown by simple computations.
Remark 6.11. In [16] , a Hamiltonian operator on a given classical affine fractional W-algebra associated to a Lie algebra is introduced. Using the Hamiltonian operator, a classical finite fractional W-algebra can be defined. Analogously, we can find a Hamiltonian operator on a classical affine fractional W-superalgebra and a finite fractional W-superalgebra can be constructed using the operator.
